The Scots College

2009 Trial HSC Examination

Year 12 Mathematics

Extension 1

General Instructions

eReading time: 5 mins

*Working time : 2 Hours

eWrite using a blue or black pen

eBoard approved calculators may be used

*A standard table of integrals is provided

eAll necessary working should be shown in every
question

eStart each question in a new booklet

Total Marks HSC: 84

Weighting : 40%

Attempt Questions 1—7

All questions are of equal value



Question 1 (12 marks) Start in a SEPARATE booklet

(a)

(b)

(c)

(d)

. 1
find |t 9

3

Using the substitution u = x° 4 3x, or otherwise, find

f(x2 + D3+ 3x) 3dx

Solve 2 < 4.
x—3

Evaluate

4 sin2x

lim
x -0 3x

Let A be the point (—2, —2) and let B be the point (6, 10). Find the
coordinates of the point P which divides the interval AB externally in the ratio 1 :
2.

Marks

(2)

(3)

(3)

(2)

(2)



Question 2 ( 12 marks) Start in a SEPARATE booklet

(a)

(b)

(c)

(d)

Find

d
sa—1
I (x sin™13x)

Let f(x) = 2x% + 3x. Use the definition

fla+ - fa
h

f'(@=lim

to find the derivative of f(x) atthe point x = 5.

Find

T

4

f cos?5x dx
0

Solve the equation

2sin?2 9 =9 — 15cosf , 0° < @

IA

Marks

(2)

(2)

(3)

(2)

360°

Use the principle of mathematical induction to show that x™ — y™ isdivisible by (3)

x — y when nis a positive integer.



Question 3 ( 12 marks) Start in a SEPARATE booklet Marks

(a) (i) Show that the equation log, x Xsecx =1 (1)
has a root between 1 and 2.

(ii) Using the above and one application of Newton’s method find a better (3)
approximation of the root of the equation in part (i), leaving your answer correct
to three decimal places.

(b) (i) Differentiate y = 5e>*sinx — e>*cosx  withrespectto x. (2)

(1)

(ii) Hence, or otherwise, find [ e>* sinx dx .

(c) The figure below is not to scale.

(3)

NP is a tangent to the circle with centre 0 and LM is the diameter. If NM bisects the
angle LMP, prove that MNP is a right angled triangle.

(d) Find the exact value of sin (2 cos™! (g)) (2)



Question 4 ( 12 marks) Start in a SEPARATE booklet Marks

(a)

(b)

(c)

A curve has parametric equations (2)

| =

5 1
, Yy =1t“+1+ t_z
Find the Cartesian equation for this curve.
(i) Express 3sinx — 4cosx inthe form Rsin(x — a). (3)
Where R >0 and 0 <oc<§.

(2)
2.5

(ii) Hence or otherwise find the general solution of 4cosx — 3sinx

The conical vessel in the diagram is being filled with water at the rate of

3
10 cm /min . The semi-vertical angle of the vessel is 45°. The radius of the

water surface isr cm at any time t minutes, the perpendicular heightis h cm
and the slant edgeis [ cm .

(i) Find the volume V of water in terms of the slant edge €.

(2)

(ii) Find the rate at which the slant edge [ is increasing when the radius of the water
surface is 7 cm.

(3)



Question 5 ( 12 marks) Start in a SEPARATE booklet

(a)

(b)

(c)

(d)

For the functiony = 2 cos™1(4x — 1)

(i) State the largest possible domain and range.

(ii) Sketch a neat graph of the function.

Aaron and David roll a die alternately in a game. The first person to roll a 6 wins the
game. Aaron rolls first.

(i) What is the probability of Aaron winning in his second roll?

(ii) What is the probability of Aaron winning the game?

Solve the equation 2x3 — 7x2 —x —1 = 0 , given that the roots are in
geometric progression.

If cos (2sinx) = sin( 2cosx ), then show that

sinx + cosx = nm +

N

Marks

(2)

(2)

(1)

(2)

(3)

(2)



Question 6 ( 12 marks) Start in a SEPARATE booklet Marks

(a)

Y
K
p
Q
X

o
P (2at , at?) isany point on the parabola x*> = 4ay.
(i) show that the equation of the Normal at P is (2)

x
y=at2+2a—?

(ii) @ is another point on the parabola such that the Normals at P and Q are at right
angles to each other and intersect at K . Find the coordinates of the point Q in
terms of t.

(2)

(3)

(iii) Show that the coordinates of K are

1
x=at—% andy:at2+a+t—2.



Question 6 continued..........

(b)

The time is 10:20 a.m. and Arun has just finished making two cups of coffee
which have a temperature of 95 °C . The coffees are loosing heat according to

Newton’s law of cooling % = — k (T — 20) whereT isthe temperature of the

coffee in degrees Celsius after t minutes, k is a positive constant and the
temperature of the roomis 20 ° C.

(i) ShowthatT = 20 + 75e~* is a solution of the equation . (1)

(i) At 10:30 a.m. the coffees have cooled to 75 ° C. Find the value of k to two (2)
decimal places.

(iii) The second cup of coffee is for Lawrie who will drink it as long as its (2)
temperature is not less than  60° C . What is the latest time that he could arrive to
drink his coffee?



Question 7 ( 12 marks) Start in a SEPARATE booklet Marks

(a)

In a scientific cloud seeding experiment a projectile is fired from O with a
velocity V at angle of 6 to level ground. The cloud is at a height h above the
ground. The projectile returns to the ground at a horizontal distance of Z
metres.

The equations of motion of the projectile are
1, ]
x = Vtcos8, y= —Egt + Vtsinf

(You are NOT Required to prove the above equations)

(i) Show that when the projectile returns to the ground level 2)

VZ2sin26

Z = metres.

(i) If the projectile MUST pass through the cloud twice then show that (2)

V?2 sin%0
h >
(iii)Considerg=1osﬁ2 ., 8=60°, V =320§ and h=3000m. 2

Find the times at which the projectile passes through the clouds. Leave your
answer correct to one decimal.

(iv) Find the horizontal distance covered between the two times found in (2)
part (iii).



Question 7 continued.........

(b) A particle is moving so that ¥ = 32x3 — 48x? + 16x

Initially the velocity is 24 m/s and x = 3 metres.

(i) Showthatv? = 16x? (x — 1)?

(ii) Hence or otherwise show that

f ! _dx = 4t , wheret istime elapsed.
x(x—1)

(2)

(2)



Standard Integrals

1 )
Ix"dx =—x""+C, n#-1;x#0,ifn<0
n+l
1
I—dx =lnx+C, x>0
X
ax 1 ax
Ie dx =—e"+C, a#0
a
1 .
Icosaxdx =—sinax+C, a=0
a
. 1
Ismaxdx =——cosax+C, a=0
a
2 1
Isec axdx =—tanax+C, a#0
a
1
Isecaxtanaxdx =—secax+C, a=0
a
1 1
Iz —dx —tan"' 24 C, a#0
a +x a a

X
=sin"=Z+C, a>0, —a<x<a

1
—d
-[ /aZ _x2 * a

Iﬁdx =ln(x+\/x2—a2)+C, x>a>0

Iﬁdx =ln(x+\/x2+a2)+C

NOTE : Inx=log, x, x>0
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